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In this paper, we present an approximate analytic solution to the Dirac equation in the
Schwarzschild geometry to investigate the Zitterbewegung (ZB) effect. The analytical
expression for the current density, which is induced by the motion of a wave packet of
electrons, is obtained. In addition, the intensity of dipole radiation near the black hole is
calculated. The proposed approach is based on the Schrödinger representation, thereby
allowing to consider the ZB effect in the case of a curved space. The considered example
demonstrates a possibility for applying this approach to astrophysical applications, in
particular to problems of the electron radiation in the vicinity of real black holes.
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1. Introduction

In the last few years, there has been a growing interest in the study of black holes,

especially in relation to possible applications of the physics of black holes aspects

to the solid state and plasma physics.1–4 It should be noted that a more detailed

study of the Dirac equation properties near black holes allows us to provide data

on the characteristics of the Hawking radiation and other quantum effects.5,6 One

of the most striking features of quantum electrodynamics is the Zitterbewegung

(ZB) effect. Note that the problem of ZB observation became of special interest

for applications after the discovery of graphene, which is described in the long-

wave approximation by the Dirac equation.7 Recent research has demonstrated

some progress in the experimental study of the ZB.8 Nevertheless, there is still

a wide range of interesting and relevant problems to be addressed. In particular,

the features of this effect in curved space bear significant importance for a body
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of astrophysical applications. In Ref. 9, an approach based on the Schrödinger

representation has been proposed, which allowed to consider the effect of ZB in

the case of curved space for a classical “toy” model of a black hole. We choose

this model because the corresponding system of functions is known in analytically

in a closed form. Obviously, any discussion about possible real-world applications

should consider Schwarzschild-like black holes, whose existence has been proved.

For this reason, the present work presents the theory of the ZB effect in curved

space for the spherically symmetric Schwarzschild black hole.

2. Fundamental Equations

Using spherical coordinates, the metric for the Schwarzschild black hole has the

following classical form:10

ds2 = c2 dt2 − dr2

u(r)2
− r2

v(r)2
(dθ2 + sin2 θ dϕ2) , (1)

where ds is the line element, c the speed of light ((hereinafter to be equal to unity),

u(r) = 1− r0
r
,

v(r) =

√
1− r0

r
,

with r0 the Schwarzschild radius of the massive body. Properties of fermions near

the black hole are described on the basis of the Dirac equation generalized for the

case of a curved spacetime:11

γμ(∂μ − Ωμ)ψ = 0 . (2)

Here and thereafter, the repeated indices are implicitly summed over; ∂μ is the

partial derivative with respect to coordinate μ, Ωμ is the component of the spin

connection, ψ is the wave function (column vector). According to Ref. 12, if one is

given the following metric tensor

ds2 = gαβ dx
α dxβ ,

gαβg
βγ = δγα ,

(3)

(δγα being the Kronecker delta) then one can define the following tetrad {eα} via

the metric tensor g and the Lorentz metric η:

gαβ = eaαe
b
βηab ,

gαβ = eαae
β
b η

ab ,

ηabη
bc = δca .

(4)
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Then,

Ωμ =
1

4
γaγbe

a
λg

λσ(∂μe
b
σ − Γλ

μσe
b
λ) ,

Γλ
μσ =

1

2
gλν(gσν,μ + gνμ,σ − gμσ,ν) ,

γμ = eμaγa .

For the metrics (1), the only nonzero Christoffel symbols are

Γ1
11 = −uu̇, Γ1

22 = −u2
(
vr − r2v̇

v3

)
, Γ1

33 = −u2 sin2 θ
(
vr − r2v̇

v3

)
,

Γ2
12 =

vr − r2v̇

rv
, Γ3

23 = cot θ , Γ3
13 =

v − rv̇

rv
.

The spin connections are then given by

Ω0 = Ω1 = 0 , Ω2 = γ1γ2u
v − rv̇

2v2
, Ω3 = γ1γ3u

v − rv̇

2v2
+

1

4
γ2γ3 cos θ .

From the Dirac equation (2), we obtain the Hamiltonian in the form

H =

⎛
⎜⎜⎜⎝

mv(r) −u(r)∂r + k
v(r)

r

u(r)∂r + k
v(r)

r
−mv(r)

⎞
⎟⎟⎟⎠,

where m is the fermion mass, k is the angle quantum number, which is determined

by

k = either j + 0.5 = l(j = l − 0.5) or j + 0.5 = l + 1(j − 0.5 = l) .

The equation of motion can therefore be cast as13

ˆ̇r = −i[Ĥ, r̂] . (5)

Note that the standard approach to ZB (based on Heisenberg’s framework)

yields some problems. It is easy to see that solving the ZB problem in a curved

spacetime is rather difficult. This is due to the nonclosed system of operator equa-

tions in the curved space. To overcome this, one can resort to dealing with this

problem using Schrödinger’s theoretical framework instead:

ˆ̇r = r̂|0 , |ψ〉 = |ψ(t)〉 ,
so that the current density is given by

j = 〈ψ(t)|ṙ|ψ(t)〉 . (6)
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Given Schrödinger’s equation iψ̇ = Hψ, or equivalently its eigenvalue representa-

tions |ψ(t)〉 =∑α Cα exp(iεαt)|ψ(t)〉α|0, the current density can be recast as

j = −i〈ψ(t)|[r,H ]|ψ(t)〉 , (7)

where the commutator is given by

[r,H ] =

(
0 u(r)

−u(r) 0

)
.

Let us suppose there is a solution ψ(t) = |ψ1(t);ψ2(t)〉, then we have the following

expression for the current density:

j(r, t) = 2C1C2

∫
dω exp

(
(ω − ω0)

2

Δ2

)
sin(2ωt)u(r){ψ∗

2(ω)ψ1(−ω)

+ψ∗
2(−ω)ψ1(ω) + ψ∗

1(ω)ψ2(−ω) + ψ∗
1(−ω)ψ2(ω)} , (8)

where the prefactors C1 and C2 are constants, ω0 is the central frequency in the

energy representation and Δ is the packet width. The wave function can be repre-

sented as follows:

ψ(r, θ) =

⎛
⎝ψ1(y)

ψ2(y)

⎞
⎠Φ(θ) . (9)

With all the above, the following general solution is obtained:

ψ(r, θ) =

∫
dω exp

(
(ω − ω0)

2

Δ2

)
ψ(ω)Φ(θ) ,

ψ1(ω) = C1
1ω

−1Mr+,s(2iνω
2) + C1

2ω
−1Wr+,s(2iνω

2) ,

ψ2(ω) = C2
1ω

−1Mr−,s(2iνω
2) + C2

2ω
−1Wr−,s(2iνω

2) ,

s =
√
k2 + μ2r2 − ε2 , r± = ±0.5− iq , q = ν + μ2(1− δ)/ν ,

(10)

ν =
√
ε2 − μ2 , μ = r0m, ε = r0t , r0 = 2MbhG ,

Mk,μ(z) = exp(−z/2)zμ+0.5M(μ− k + 0.5; 1 + 2μ; z) ,

Wk,μ(z) = exp(−z/2)zμ+0.5U(μ− k + 0.5; 1 + 2μ; z) .

(11)

Here Mbh is the black hole mass, G is the gravitational constant (hereinafter to

be equal to unity), Cj
i are the constants, M(a; b; z) and U(a; b; z) are Kummer’s

functions:14

1650168-4



August 24, 2016 13:35 MPLA S0217732316501686 page 5

Zitterbewegung near a Schwarzschild-type black hole

Fig. 1. Dependence of the current density (in relative units) on time (Δ = 0.05): (a) r = 4 and
(b) r = 4.4.

M(a; b; z) =

∞∑
n=0

a(n)zn

b(n)n!
, (12)

U(a; b; z) =
Γ(1− b)

Γ(a− b+ 1)
M(a; b; z)

+
Γ(b − 1)

Γ(a)
z1−bM(a− b+ 1; 2− b; z) . (13)

It should be noted that a Gaussian form of the wave packet was arbitrarily chosen.

However, this particular choice does not affect the generality of the analysis since

the developed method makes no specific use of the form of the wave packet.

3. Results and Discussions

First, we present the evolution of the average of current operator for different values

of r (see Fig. 1). Note, all the values are given in dimensionless units, given that

the mass of black holes may vary within a wide range. Figure 1 shows that one can

observe the ZB effect near a Schwarzschild black hole. The influence of the param-

eter r is obvious, since the effect of “trembling motion” is enhanced with increasing

r. This important observation can easily be explained when acknowledging that r

corresponds to the radial distribution of the electrons density. With increasing r,

the electron density distribution becomes more delocalized.

As a next step, we turn to the dependence of the current density on time for

different values of the packet width Δ (see Fig. 2). Note, this result is in agreement

with all known results on the ZB effect, since the “damping” value of the trembling
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Fig. 2. Dependence of the current density (in relative units) on time (r = 4): (a) Δ = 0.1 and
(b) Δ = 0.5.

Fig. 3. Dependence of the dipolar radiation intensity on time (Δ = 0.05): (a) r = 4 and
(b) r = 4.4.

motion is directly related to the width of the packet. This so-called “damping” is

absent for zero packet width, and the trembling motion continues indefinitely.

Lastly, we study the intensity of the dipole radiation near the black hole. We

show that it is proportional to the square of the derivative of the current (see Fig. 3).

From this dependence, it can be concluded that the presence of the ZB effect leads

to the possible observation of additional peaks in the electromagnetic radiation
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from the massive charged particles. Those peaks are not caused by accretion or the

Hawking effect. They can be useful not only for the experimental observation of

the ZB effect, but also for the study of the black hole parameters.

In conclusion, our proposed approach — based on Schrödinger’s representation

for evolution — allows us to consider the ZB effect in the case of curved spaces. The

above example demonstrates the possibility of applying this approach to astrophys-

ical applications, in particular to problems of the electron radiation near the real

black holes. This effect can be a reason for extra electron radiation near the black

holes and for a change in the emitted spectrum of the electromagnetic waves. This

work suggests that the observed effect may induce changes to the spectra. Also the

given consideration of the ZB effect can be used in investigations of the neutrino

dynamics in the field of the black holes.
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